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PERTURBATION SOLUTIONS FOR WAVE PROPAGATION
IN NONLINEARLY ELASTIC RODS

Y. BENVENISTEt and J. LUBLINER

Department of Civil Engineering, University of California, Berkeley, California

Abstract-An asymptotic method for the problem of wave propagation in rods is applied to a nonlinearly
elastic material obeying the neo-Hookean constitutive law. The displacement field is described by a perturbation
series in the small radius of the rod. The first-order term corresponds to elementary theory, while subsequent
terms give lateral inertia, shear and higher-order effects. First-order and second-order solutions are obtained for
several values of the parameter characterizing the nonlinearity of the constitutive law.

1. INTRODUCTION

THE three-dimensional boundary-value problem of axisymmetric wave propagation in a
circular elastic rod (not necessarily linear) can be attacked by the perturbation method [1].
The differential equations are expanded in series about the small parameter E, representing
the ratio of undeformed rod radius to some characteristic length related to the length of the
pulse. The boundary conditions are obtained from a variational principle similar to that of
Reissner [2].

The problem is thus reduced to a series of boundary-value problems, each representing a
successively higher order of approximation. The first-order problem corresponds to
elementary rod theory and, though nonlinear, can be solved analytically (in the form of a
"simple-wave" solution) under certain conditions. The higher-order problems are linear,
but with coefficients depending on the first-order solution; they are best solved numerically
by the method of characteristics.

For sufficiently small e, the second-order solution represents an adequate correction to
the elementary theory. We shall present first-order and second-order solutions for both
displacement and traction boundary-value problems and for several values ofthe parameter
characterizing the nonlinearity of the material. We shall also show under what conditions
the nonlinear problem may be approximated by the linear one.

2. STATEMENT OF THE PROBLEM

Consider a semi-infinite, uniform, nonlinearly elastic rod. Let the positIOn of the
material particles be defined at all times with respect to a fixed cylindrical coordinate
system (R, 0, Z) where R, 0, Z define the position of the material particles at t = O. For

t Now at: Department of Engineering Sciences, Tel-Aviv University, Tel-Aviv, Israel.

1115



1116 Y. BENVENISTE and J. LUBLINER

times t > 0, let us assume an axisymmetric motion of the rod in the form

r = r(R, Z, t),

() = e,
z = z(R, Z, t).

(I)

(2)

(3)

As the stress measure let us use the first Piola-Kirchhoff stress ~k [3, p. 124]. Actually here.
as the first Piola-Kirchhoffstress tensor we use the transpose of the one defined in [3, p. 124].
In our case T = JF-1Tc where T c the Cauchy stress tensor and J = det F.

As a nonlinear elastic constitutive law we chose that of the neo-Hookean material
which is a special case of the Mooney-Rivlin constitutive theory for rubber [4]. The
relation between the first Piola-Kirchhoff stress and the deformation gradient in this case is
given by

(4)

where p is the pressure parameter and will be determined in the course of the solution. h
is a material parameter which will be chosen to be E/3. where E is the Young modulus.
With this value of b the neo-Hookean material reduces to the linear elastic material for
small deformations. F is the deformation gradient whose physical components in the
cylindrical coordinate system are:

or <3r

aR
0

az

r
F = 0 0

R

oz oz
oR

0
az

Due to the specific form of the above deformation gradient the stresses TRO ' Ten Tez ' Tzo
will identically vanish and the other stresses will be independent of e.

The equation of motion in the first Piola-Kirchhoff stress for our axisymmetric system
will be

(5)

(6)
o 0 1

aRTRz+azTzz+R,TRz = pi.

Let us complete the definition of the problem with the description of boundary and
initial values. Initial conditions are

where

r(R, Z, 0) = R,

z(R, Z, 0) = Z,

feR, Z, 0) = O.

i(R, Z. 0) = 0,

(7)

(8)
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The boundary conditions on the lateral surface of the rod are

1117

(9)

Two kinds of boundary conditions will be considered at the end:
(a) Traction boundary conditions

Tzx(R,O, t) = n(R, t),

TZr(R, 0, t) = q(R, t).

(b) Displacement boundary conditions

z(R, 0, t) = d(R, t),

r(R, 0, t) = e(R, t).

Let us non-dimensionalize the variables as follows

z Z
R.

R t z
= T: = - , t = T' Z =-

a L'

r
~k

~k Pr = - , =
E' P=

E'a

(10)

(11)

(12)

(13)

where T is a time parameter defined by the input disturbance at the end of the rod, a is the
radius, E is Young's modulus; L is a characteristic length along the axis and is taken as
L = Tco, where Co is the rod velocity given by (Ejp)t. Let us also define

a
c =-

C

For the simplicity in the following formulations let us omit the bars above the nondimen
sional variables. Any variable used from now on will be understood to be nondimensional.
In the nondimensional variables equations (IH13) become

r = r(R, Z, t),

z = z(R, Z, t),

o 0 1 2 ..
oR TRr +oZ Tzrc +R(TRr - Teo) = c r,

(14)

(15)

(16)

(17)

(18)

F= °
oz 1

oZ c

r

R

°
°
oz
oZ

(19)
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TZz(R,O, t) = n(R, t),

Tz/R, 0, t) = q(R, t),

z(R, 0, t) = d(R, t),

r(R,O, t) = e(R, t).

r(R, Z, 0) = R,

z(R, Z, 0) = Z,

f(R, Z, 0) = 0,

z(R, Z, 0) = 0,

(20a)

(20b)

(21 )

(22)

(23)

(24)

(25)

3. DERIVATION OF GOVERNING DIFFERENTIAL EQUATIONS

We now seek an asymptotic solution of the problem as follows, Expand z, rand p in
the following asymptotic series

z = A+ezB+e4 C+O(e6
), (26)

r = M+ezN+e4L+O(e6
), (27)

P = po+eZpZ+e4 p4+ 0(e 6
). (28)

Since we are dealing with an incompressible material another expression which will be
frequently used is the determinant of F

d tF = ~ rq!.-_~ ~ ~ (29)
e oR R OZ oZ R oR'

The structure of A, B, M, N, Po' pz will be assumed as follows

A = A(Z, t),

M = M ,(Z, t)R,

Po = Po(Z, t),

B = B I +BzRz,

N = N,R+NzR 3
,

pz = PZO+P22 Rz.

Substituting expansions (26H28) in equations (l6H19) and (21) and equating equal
powers of B to zero, we obtain the following results

M, = (Art, (30)

Po ~(Ar" (31)

A"
(32)Bz 4(A')3'

N,
-B',

(33)
2(A')-t'
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2(A")2 - A'Am
N2 = 16(A')t '

b - 3AmA' +8(A")2
P20 = E 8(A')6

b B'1
P22 - E. (A')2'

(34)

(35)

(36)
b 2A'Am +2(A")2 +3(A")2(A')3 -12(A")2 3 (A')2

PZZ = E --8(A')Z ----8 (A')3'

where (') olot, (') = oloZ.
The only independent functions up to 0(e3

) are A and B I • The equations governing
A and B I are

where

and

b -A'A"Am+2(A")Z A"
+E 16(A')8 +(A')ZPzz,

b - 3AmA' +8(A")2
'II = E 8(A')6 - P22'

(37)

(38)

(39)

(40)

(41)

(42)

The stresses up to O(e3) are

Tzz = ~(A' - (A\2) +e
2
( -PzO(A')-1_2PoM t N t +~B't)

+e
Z
R

2
( -P22 ~,-4POMtNz+~B~)+0(e4

),

TRr = e2( -~(A')tB~ -PoA'NI-PzoA'Mt +Nl~)

+eZR 2( -~(A')tB~ -PoA'Nz -pzzA'Mt +3Nz%) +O(e4
), (43)
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Teo = Z2( -POB~MI-PONIA'+2POBZM'I-P20MIA'+Nl%)

+ZZR2( -POB;MI-3PONZA'-PZ2MIA'+NZ~) +0(Z4). (44)

TRz = Z3 R3(M'I M IPZO + PoM'1 N 1+ PoM IN'I + 2~~)

+z3R3(M'I M IPZZ +POM'I N 2+poN;M 1 +4n~) +O(Z4), (45)

TZr = ZR( 2PoM IB2 +%M'I) +Z3(2B2N IPo+2B2P20MI +2~M IPo+%N'I)R

+Z3R3(2B2N2PO+2B2PZIMt +4nM IPo+%N;) +0(84), (46)

(47)

One can observe that

Also a term O(z) is seen in (46), though no such a term occurs in the linear case. Thus shear
effects are more important in the nonlinear material. The strains up to O(Z3) are

ERr=(l M I)+!(l-M I)2 (N I+3N2R2)(2-M I)E2+0(Z4)

Ezz = (l A') +!(l - A')Z + 82(2 - A')(B'I + B;R Z) + 0(84)

Eeo = (1 MI)+!(l-Mt)2+Z2(2-MI)(Nl +R2N 2)+0(Z4)

2ERz = 2EZY = (M'lR+(l MI)M'IR)z+z3[(N'IR+N;R3)+(1-MI)(N'tR+NzR3)

+(M IR)(N 1+ 3R2N 2)+ 2B2R(1- A')+2BzR]+0(Z5).

Here we have used the Green-St. Venant strain tensor

E = ![H+HT+HTH],

where

(48)

(49)

(50)

(51)

or
oR

o or
-zoZ

r
0H = F-I = 0 --1

R

oz
0 ~-1,-z

oR OZ
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At this point let us investigate under what restrictions on the deformation gradient the
nonlinear solution of the problem reduces to the linear one. From (42) we have

T~ol = ~[A'- (A\2J.
If A' ;;;; 1, that is A' = 1+e with e « 1, then we get

T~l = ~[(1+e)-(1:efJ ~[I+e-(1-2e+O(e2))J = ~[3e+O(e2)l

Neglecting O(e2
) and choosing b = E/3 we obtain Tzz = e. Here e is the infinitesimal

longitudinal strain. For small deformations there is no distinction between the Cauchy and
the first Piola-Kirchhoff stress and Tzz = (Jzzo Thus we get (Jzz = e, which is the linear
elastic constitutive law in nondimensional form. However, for the other equations such as
(30H36) and others, such a reduction will not take place under A' ;;;; 1 alone, but the
additional restrictions,

A" « 1, Am « 1 A"" « 1 A' « 1

will be needed. Let us prove for example, that with the above conditions the O(e) term in
TZr disappears for small deformations.

TW = R[2PoMlB2+~M'll

also noting that

b A"
Po = -E(A') 1, B ---

2 - 4(A')3'

M'l = (-t)(ATtA", M l = (ATt,

we get

T(l)-R[~ 2A" ~(-~)A"(A')tJ
Zr - E 4(A')t(A')3 +E 2 '

Rb[ A" A" ]
= 2E (1 +e)! - (1 +e)t '

= ~;[A"(l-!e)- A"(l-!e)],

= ~; [-iA"e+!A"e].

But, noting that A" « 1, we find T<j) « e.

4. BOUNDARY CONDITIONS

The differential equations (37) and (38) can be solved if proper boundary conditions are
imposed. In a linear problem instead of following the usual way of getting boundary
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conditions through matching with a boundary layer [5], we may use a variational principle
[2]. Again, remembering that we are only interested in getting boundary conditions and
not the already obtained equations of motion, we are going to use the so called first
variational principle for hyperelastic materials [3, p. 326] and formally modify it for the
dynamic case; namely, we shall form the Lagrangian function and formulate the variational
principle in the form of Hamilton's principle.

4(a) Traction boundary value problem

First, let us apply the principle to the traction boundary value problem. Similar results
can be obtained for the displacement boundary value problem.

Consider a deformation

x = x(X), (52)

(53)

where X denotes the vector of the original coordinates and x the deformation vector.
Define the scalar function W = W(F), (the strain energy), [3, p. 302] such that,

TT = PW,F'

Here F is the deformation gradient tensor, T is the first Piola-Kirchhoff stress tensor and p
is the density in the undeformed state. For the neo-Hookean material W is given by

W(F) = ib[IB- 3],

where B = FFT and IB = tr B [3, p. 350]. The equations of motion are

Div(p W,F) - px = 0 for all X E V,

where Div is the divergence operator in the original coordinates and V is the original
volume of the body. The traction boundary conditions are

TT . N = t for all XES. (54)

Here S denotes the surface of the body, N is the normal in the original coordinates and t
is the prescribed traction. Let us define the function (negative Lagrangian density)

ff = pW(F)-!px.x.

Our variational principle (essentially Hamilton's principle) states, that, among all states of
stress and deformation which satisfy equations (53), (54), the actually occurring state of
one satisfying the variational equation

o{ [Iv·? dV-Is u. t dSJ dt = O.

After some manipulation equation (55) reduces to

oJ(x) = Iv(pi - div(pW,F» . Ox dV+ Is (p W,F . N - t) . Ox dS.

(55)

(56)

Equation (56) is to be used in conjunction with the parametric expansions (26), (27)
which satisfy the equations of motion and the boundary conditions for R = 1 identically
in e. This means that introduction of these expansions in (56) leaves us with a variational



Perturbation solutions for wave propagation in nonlinearly elastic rods 1123

equation in the form

f. (p W,F . N - t) . 8x dS = 0,
5,

(57)

where S[ denotes the surface of the end of the rod. Noting that TT = PW.F , expanding
equation (57) and nondimensionalizing we get

{(Tzz -n(R,t))8ZRdR+{(TZr -Q(R,t))8rRdR = O.

Using

Jz = JA+8 2(8B[ +R2 JB 2 )+0(e4
),

8r = 15M + 82(R8N 1 + R3IN2) + 0(84
),

and the proper expansions (42), (46) for Tzz and TZr we get

f (T~O}-n(R, t))R dR = 0, (58a)

{ T~~)R dR = 0 for m = 2,4, 6, .... (58b)

4(b) Displacement boundary-value problem
For the displacement boundary-value problem the treatment is the same as in the

preceding section. Instead of equation (55) we have now

where x is the prescribed deformation on the surface. Going through the same steps as in
Section l.b.2 of [1], corresponding to equation (57) one can obtain

f. (x -x). JTTN dS = O.
5,

Then proceeding along the same lines as in the traction boundary-value problem we get
the following results:

f (z(O) - d(R, t))R dR = 0, (58c)

(58d)m = 2,4,6 ....JO
I

z(m)R dR = 0

We obtain no boundary conditions either for the radial shear or for the radial dis
placement. They cannot be prescribed for the inner problem and remain as boundary layer
effects.



1124 Y. BENVENISTE and J. LUBLINER

5. SOLUTION OF THE TRACTION BOUNDARY-VALUE PROBLEM

The boundary condition (58a) gives

L(T~l- n(R, t»R dR = O.

Using equation (59) we get a boundary condition on A'.

~[A'-(;'fJ = 2Ln(R, t)R dR = N(t),

~ [ A' - (A
1
')2J= N(t).

From (lOb) we get initial conditions

(59)

(60)

(61 )

A'(z, O) = I, A(z,O) = O. (62)

(65)

(63)

(64)

The following equations determine completely the initial-boundary-value problem on A :

A"[~(1 +(:)3)J = A,

~ [ A'(O, t) - (A'(~' t»2J= N(t),

A'(z,O) = I, A(z,O) = o.
For rn = 2 (58b) gives

(66)

But from (42) we get

where

Tllz°) = [- ~,(qJ-~(~\2)-2PoMINl+~BI11

(22) _ b ,[ 1 J qJ N
T zz - EB1 (A')3+1 - A,-2PoM l l'

and where 'II was previously defined in (40). Denoting

L = - :,-2PoM I N I = L(A',A",A
III

),

(67)

(68)

(69)

W W(A', A", Alii, A'), (70)

one obtains from (66)

!?-B' [_1_+ 1J +L(A' A" A 111)1 _ +.lW(A' A" Alii A')I = = O.
E 1 (A' )3 Z = 0 " Z -0 2 ", z °
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This furnishes a linear boundary condition on B'l' Again, from equation (20b) we get the
initial conditions on B l' The following equations determine completely the initial-boundary
value problem on B I .

[
b ( 2)J 6b AniiI B'~ E 1+(A')3 -E(A,)4 B'1+11(Z,t),

%B'l(O, t)LA'(~' t»3 +1] +L(A', An, A"')!z=o+!W(A', An, Am, A')lz=o = 0,

B'I(z,O) = 0, R1(z,0) = O.

5(a) First-order solution

Let us now define s = A', v = A; then equation (63) can be written as

We also have the compatibility equation

s = v'.

We denote s(O, t) by s(t). Equation (64) becomes symbolically

j(s) N(t),

where

j(s) = ~[s- (s~21
Defining

g(k) j-I(k)

and

h(t) = g(N(t»,

we have

s(O, t) = h(t).

As initial conditions we have

(71)

(72)

(73)

(74)

(75)

(76)

(77a)

(77b)

(78)

s(z,O) = 1, v(Z,O) = O.

A general solution of equations (74) and (75) can be found by the method of characteristics.
Introduce the characteristic variables IX and f3 such that

do: = 0
dZ

on d"t= c, (79)

df3 = 0
dZ

on = -c, (80)
dt
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Casting the equations in terms of these variables one can prove [6, pp. 65-71] that

which gives

I c(~) d~ - v = Kz(e<),

I c(~) d~ +v = K 1(/3).

(81)

(82)

Let us label the characteristics such that e< = f3 = tat Z = 0. The boundary conditions in
terms of e< and f3 will be

s = h(e<) on e< = f3 = t,

s = 1, v = ° on e< = 0.

(83)

(84)

The wave front is given by e< = 0. Using equations (81), (82) and boundary conditions (83)
and (84) we get for s and v

and

s = h(e<), where
Z

e< = t--
c(s) , (85)

v = - f c(~)d~. (86)

Suppose that N(t) is given in equation (76); one can solve this nonlinear algebraic equation
for sand h(t) is obtained numerically. At any value of t at Z = 0, h(t) is known, that is, s is
known. At Z = 0, t = t l , say, s(O, t l ) = s*. Then the slope of the e< characteristic issuing
from (0, t d is

dt 1
dZ c(s*)'

and along the characteristic t I = t - Z/c(s*), the value of s is S*. On the other hand from
equation (86) the value of v on (0, t I) is

f
SO

v* = - I c(~) d~.
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Knowing v* we know that on the characteristic

1127

oa
where a,A' = 8A"

Z
t1 = t- c(s*) ,

the value of v will be v*. Thus from the implicit nature of equation (85) at any point (z, t)
we cannot trace back the a characteristic and see what value of S it carries, but we can
determine to what points in the (Z, t) plane a given value of s at Z = 0 will propagate.
We will choose the mesh points in the (Z, t) plane and determine values of s at these points.
The mesh points will be chosen as follows; the initial line Z 0 will be divided by points ~t
apart from which the a characteristics will emerge. These characteristics will be intersected
by vertical lines ~Z apart and the mesh points will be determined. Of course, for the
above solution to be valid no shocks must form. This condition will impose on h(t) a
special dependence on time. This condition will be derived as follows. From equation (85),

s = A' = h(a),

where

Z
a = t- c(s)'

For no shocks to occur, A' must be finite for all values of Z and t. A' is given by

. hA' = .0:

1- h'aa,A.'

For A' to be finite for all Z and t, we need

I-h,aa,A' -# O.

If h,o:a,A' ::;; 0 this is clearly satisfied. But,

Z 1 oc
a.A , = 2 . c(A'f . oA"

Then for Z > 0 the sign of a,A' is the same as the sign of oc/oA'. But in our case,

oc 6 b 1 (b ( 2) ) 1/2

oA' = - (A'f E' 2.' E 1+S3

which implies a,A' < O. Then we need to have h,a 2: O. In short, the above solution is
valid for a neo-Hookean material if

oh > 0 for t > O.ot -
This was a condition on A'(O, t), but supposing that in the traction boundary-value problem
the stress N(t) is prescribed. Then one would have to know what the condition on N(t) is.
N(t) being prescribed, for A'(O, t) to be monotonically nondecreasing we need

~A'[1 _2J- .E +(A')3 - N(t).
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Then we get
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(87)

Thus for A' > 0, if N(t) is monotonically nondecreasing then A'(O, t) will be monotonically
nondecreasing and no shocks form.

5(b) Second-order solution
Let us take equation (71) which governs B l' As is seen, this is a linear non-homogeneous

equation. This turns out to be the fact which makes the determination of all higher-order
terms possible. The perturbation scheme on the nonlinear three-dimensional field equations,
give, first, a homogeneous nonlinear equation together with linear equations governing
the higher-order terms. It is remarkable that all these equations possess the same character
istic curves, a fact which facilitates the solution to a large extent. A numerical procedure
will be used along the characteristics, using the mesh points as previously defined.

At this point if one analyzes equation (71) it will be seen that it involves the higher
derivatives of A', these being A", A"', A"", A'. For the numerical procedure a knowledge
of these derivatives at the defined mesh points is necessary. They will be obtained as
follows. Denote again A' by s. Let us find s'. From equation (85) differentiating with respect
to Z we obtain

ah
s' = ;-[a' +a .,s'],

va .

and

, (ahjaa)o:'
s = ,

1- (ohjaa)a,s

where

Z
rx = t---,

c(s)

, 1
a = - c(s)'

Z(ocjas)
a.s = (C(S»2'

If, at any point (Zo, to), s is known, then a' and a,s are determined. ohjoa is given by

~~ = ~~It~x'
with

ah ag aN
at = ok' 7ft.

(88)

(89)

(90)

(91~

(92)
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But from the inverse function theorem [7, p. 256] we have

og I

ok of/os'

and

oh I oN
at = of/os' at·

Then we have

1129

~~ = :It=a = Of/O~ls=s*' °O~lt=a'
where s* = h(!X), namely, if we are seeking oh/o!X at a point (Zo, to) on an !X characteristic
issuing at Z = 0, from !X = t = t*, then we have

s* = h(t*),

and oh/o!X is clearly obtained.
Let us now find s". Differentiating equation (88) with respect to Z, we obtain

" 02h [ '+ ']2+["+' '+ (')2+" "] ohs = 0!X2 !X !Xss !X !Xss !X'ss S !X,,s + !X'ss . 0!X' (93)

In the above formula everything besides 02h/o!X2 is readily obtained. 02h/o!X2 is given by

~:~ = ~:~It=a'
02h/ot2 can be obtained by differentiating (92) with respect to t:

02h [02N of 02f oN os] I
ot2 = ot2 ' os - OS2 at ot . (of/os)2'

then

where s* was previously defined. Similarly Sill can be obtained by differentiating equation (93)
with respect to Z. It will involve 03h/o!X3 which is given by

03h 03hl
-3 =-3 .
0!X ot t=a
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iJ3hliJt3 can be obtained by differentiating iJ2hliJt2 (94) with respect to t:

iJ3 h (iJ3 N liJt3) . (iJfliJs) - (iJ 2fliJs2) (iJslot)( iJ2 N liJt2)
atJ (iJfliJS)2

(iJ 3fl iJs3)(iJsliJt)(iJN liJt)2 - 2(iJNIiJt)(iJ2N liJt2)(iJ211OS2)
(afl iJS)3

[ (
af )2 (iJ2f) (iJS) (02f ) (iJN}2] 1

+ 3 as as2 ot as2 at (iJfliJ,f)6'

where

as 1 aN
iJt afliJs 'at'

We also need A':

A' = .~, but s = h(a),

and

(96)

.~ = h,~(a+a.5s).

This will be readily determined since we already know h.~, therefore the only equation
we need to solve numerically is the implicit equationf(s) = N(t). The derivatives of s are
obtained with no difficulty and one has all the necessary information to solve the equation
for B l' Let us put equation (71) in the form

where

qJ = ~(1 + (A~)3)'

6b[ A" ]
X = -F: (A')4 '

and,., is as defined previously in equation (39). Let

then equation (97) becomes

(97)

We also have the compatibility equation: V'l = Sl' The boundary and initial conditions
are

Sl(0't)'-Eb[(A~)3+1J +L\ +twl· =0,
z=o z=o z=o

Sl(O, Z) = v(O, Z) = O.
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Noting that

dV t OVt OVt dZ
-=-+---,
dt at oz dt

we see that along the tX characteristics (98) becomes

dVl = oV t +oV t 4Jt .
dt at oZ

Thus

Along the tX characteristics we have
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(98)

(99)

(lOOa)

(100b)

Similarly along the f3 characteristics we have

dV t t dSl
dt= -4J dt+ XSl +l1.

We will base our numerical procedure on equations (l00a) and (lOOb) and approximate
them by finite differences. Assuming that the values of the variables have been obtained
on an tX characteristic line, the values on the next characteristic line will be obtained
(Fig. 1). The reason for proceeding thus and not along horizontal lines is that the mesh
points are determined beforehand and not along with the numerical procedure. Suppose

FIG. 1. Stress input and (X characteristics.
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that v1 and s1 have been obtained along the characteristic Xl' At the point P on the
characteristic !X2, (Fig. 2) equations (lOOa) and (lOOb) give

vl (P)-V l (Q) = (¢(P»)tSl(P)-SI(Q) +X(P)SI(P) + I1(P),
m m

_ (¢(P))t S 1(P) ~ S 1(Q') +X(P)s 1(P) + I1(P).

FIG. 2. Diagram for difference scheme.

Here we are approximating the (3 characteristic through P by its tangent. We don't know
the values of VI and SI at Q' but their values at Band C are already known. We can use
interpolation between Band C to determine the values at Q'. Linear interpolation will be
used:

vl (Q') = vl(B)+ (V l (C)- Vl(B») x Q'B,
BC

SI(Q') = sl(B)+ (SI(C)- SI(B» x Q'B.
Be

The determination of B l is thus completed. (Refer to Fig. 2 for symbols used above.)

5(c) Example of the traction boundary value problem

An example is worked out for the traction boundary-value problem. Keeping in mind
that the nondimensionalization was made with respect to E (Young's modulus), T (rise
time of the pulse) and CoT (where Co is the elastic rod velocity), it is possible to work
throughout the example with nondimensional quantities.

To avoid the solution of the nonlinear algebraic equation at the boundary, a very
specific input is chosen at the end, as follows

Tz.(O,t) = ~[( 1+msin3~t)- (1+msi~3(1t/2)t)3J for 0 ~ t ~ 1, (lOla)

1 (1+m)4-l
Tzz(O, t) ="3 (1 +m)3 for t 2: 1. (lOlh)
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Such a special variation on time is chosen to secure the non-decreasing character of the
input. In the above formula m is a parameter which can be varied at will according to
the magnitude of the deformations. For m = 0·001 we will have small deformations and
the results may be expected to coincide with the linear elastic theory, According to
equation (60)

N(t) = 2f TzzR dR,

1[( . 3n ) 1 ]= 3 1+m sm 2t - (1 +m sin3(n/2)t)3 .

From equation (64) we get

A'(O, t) = 1+m sin3 ~t.

To be able to make a true comparison between the input stress and the stress at a later
station let us define

Then we will have

nz = T~Oj+e2[T~zO)+ T~/)t],

T~z = T~Oj +e2T<£j*.

At different values of Z along the rod we shall be interested in the response for values of t
bounded by the characteristics issuing from t = 0 and t = 1·0 (Fig. 1). Our purpose will
be to analyze the importance of the second order effect for different values ofm and compare
it with the linear case. The values of m used are: m = 0·001 (Fig. 3), m = 0·01 (Fig. 4),
m = 0·1 (Fig. 5), m = 1·0 (Fig. 6), m = 2·0 (Fig. 7), m = 3·0 (Fig. 8).

10.0..----------------=.--...,
<t

Q
_ ~ 5.0

i'~lllJ

0.0 Io====;::::~r___;_--___,__--__,_---rl
1.2

-5.0

-10.0

-15.0

-20.0

'",
2

0.5 _ ~~I
S~llJ

FIG. 3. Second order effect (magnified) and first order solution vs. time at Z = 1·2 x L for m = 0·001.



1134 Y. BENVENISTE and J. LUBLlNER

10.0,-------------------=== 1.0
N,
Q

0.5._ ~~I
:Ok...... llj

0.0,.....--==:::::;:=--\-,----,------,----,--10.0
12

-50

-10.0

-15.0

-20.0

FIG. 4. Second order effect (magnified) and first order solulion vs. time at Z = 1-2 x L for III 0·01.

10.0 ...---c-----------------,I.O
,
o

2.22.01.8
0.0 F==---==r:1i=--....,,-----,,-----,-----r--I 0.0

12

-5.0

-10.0

'"I
Q

~ ,,"': 50
~Illj

-15.0

FlU. 5. Second order effect (magnified) and first order solution vs. time at Z = 1·2 x L for m = 0·1.

10.0.-----------------,1.0

0.5

t':::lllj
0.0 I-~=:::;:=-_,_.....!:¢!_~,.....:::::;:==i""-=_l0.0

12

'5.0

-10.0

FIG. 6. Second order effect (magnified) and first order solution vs. time at Z = 1·2 x L for m \·0.
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., 10,0
Q

_""'I 5,0 0,5_ "I
~llJ 2~llJ

001-=;:::::::::::;=----''i!--:J_-=;:::=:::;=''''''';1''''''-''''"'I::=-i 0,0
1.2 2.2 2.4 2,6 2,8 3.0

-5.0 t / T

-10,0

FIG, 7, Second order effect (magnified) and first order solution vs, time at Z \,2 x L for m = 2,0,

\135

In all cases the results are evaluated at a distance Z = 1·2 (nondimensional) from the
end of the rod. Since Figs. 3-8 contain similar notations let us look at Fig. 3 and explain
the several elements in it. On the abscissa the time elapsed since the arrival of the wave at
the station Z = 1·2 is recorded. On the right hand side ofthe graph the vertical axis denotes
the first order solution. On the left hand side of the graph the vertical axis denotes the
second-order solution T~2j*. To make a clearer comparison we have not multiplied
Tlfj* by 6

2
. The actual second-order term will be obtained by multiplying the graph of

Tlfl* by 6
2

. Graph I represents the first-order solution: graph II represents the second-order
solution. We are interested only in the second-order effect around the peak, since in regions
where it predominates over the first-order solution validity is not to be sought. For
m 0·001 the solution reduces to the linear one [1]. The second-order effect in Fig. 3
is exactly like the one described in [1]. For increasing values of m the first-order solution
T<j!l does not change qualitatively. The magnitude of the peak is the same as the one of
the input at the end of the rod. There occurs, however, a spreading of the pulse over a
larger interval of time. That is, a decrease in the strain rate is observed. For example for
m 0·001 at Z = 1·2 the peak of the first-order solution is reached in Llt = I unit
(nondimensional) after the arrival of the wave. This is to be expected since the peak in the

r----------------,1.5

I' 10,0
Q
x- ~I 5.0

i'K'llJ

0.0 t-'"':1:"~~=:;:_:::?:""""7:=~_:":""::,:J;==:cJ0.0
12

-5.0

-10.0

FIG. 8. Second order effect (magnified) and first order solution vs. time at Z \·2 x L for m = 3-0.
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input is reached in Lit = 1 unit also and no spreading of the pulse is expected in the nearly
linear case. For m = 3 this value at Z = }·2 becomes Lit = }·9.

As to the second-order effect, for m = 0·001 it reduces to the one in the linear case.
There is no correction in this case to the magnitude of the peak with our specific input
and the most significant corrections occur on the sides of the pulse. Again, restricting our
attention only around the peak, a considerable decrease of the second-order effect is
observed for higher values of m. In Figs. 7 and 8 this correction becomes nearly negligible.
It is of interest to notice, though, that for very small deviations from the linear case, the
second-order effect changes rapidly.

6. SOLUTION OF THE DISPLACEMENT BOUNDARY-VALUE PROBLEM

A brief description of the solution will be given since it follows almost the same lines
ofsolution ofthe traction boundary-value problem. Equation (S8c) when proper expressions
are substituted into it gives

A(O, t) = 2f d(R, t)R dR = D(t),

A(O, t) = D(t).

Differentiating with respect to time, we obtain

A(o, t) =D(t) = V(t).

(102)

(103)

(104)

(105)

(106)

(107)

The following equations determine completely the initial boundary value problem on A

A'f~( 1+ (A~)3)J= A,

A(O, t) = V(t),

A'(Z,O) = 1 A(Z,O) = o.
Similarly, for m = 2 equations (58d) will give

f (B 1 +R2 B2 )RdR = 0,

B 1(0, t) 1
-2--+:4B2(0, t) = o.

(108)

(109)

(110)

Using the expression for B2 from equation (32) and differentiating with respect to time we
get

. . _ ~ _ [4AN(A')3 - 12(A')2A'AN]
B1(0, t) - 2 16(A')6 .

The following equations determine completely the initial-boundary-value problem on B1 .

81 = B~[~(I+(})3)J ~ (~:~4+11(Z,t), (Ill)
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. __~ 4A"(A')3 -12(A')2A'A" I
Bt(O, t) - 2 16(A')6 z~o'

B'l(Z,O) = B1(Z,0) = 0.
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(112a)

(112b)

Now let us call v = A, s = A'. It was seen from the treatment ofthe traction boundary-value
problem that if v(O, t) = V(t) and s(O, t) = n(t) are known, then the solution is given by

where

v(Z, t) = V(ct), s(Z, t) = n(ct),

Z
ct = t- c(s)"

In the displacement boundary-value problem V(t) is already prescribed. Using equation (86)

at Z = °we get

V(t) = - f c(~) d~, (113)

where:5 = s(O, t). Even though the integration in equation (113) cannot be done analytically
for the neo-Hookean material, one can obtain :5 = s(O, t) in a tabulated form by numerical
integration. At any point (0, t*) the slope c(:5(t*)) of the ct characteristic is known. The values
of v and s at (0, t*) are carried with no change along the characteristic issuing from (0, t*)
with slope c(:5(t*)).

F or the solution of the second-order effect it .is seen from equation (111) that one
needs the higher derivatives of s = A', such as s', s", s"', 8'. To see how these can be obtained
let us define

Then from equation (113) we have

-f c(~) d~ = 1(:5). (114)

V(t) = 1(:5).

This equation is equivalent to equation (76) with the difference that we possess 1(:5) only
in a tabulated form. Again denote:

1(:5) = V(t) = "
then

:5 = I- 1m= w(O = w(V(t)) = n(t).

The problem is now completely equivalent to the traction boundary value problem in
Section 3.c.2 of [IJ with 1(:5) corresponding to f(:5),' corresponding to k, w(O corresponding
to g(k) and n(t) corresponding to h(t). From equation (88) with our new variables we get

s' = an ct' 1
act 1- (onjoct)ct,:

where

an 1 OVI
act = oljo:5ls~s' at t~:
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where s* is as previously defined. In the above equation Ct.', Ct. .. and aV/8tlt~. are readily
obtained. Also from equation (113) it is seen that,

al

Higher derivatives of s will involve 82 1/8s7 , and 83 1/8s3 [equations (94), (95)]. These are

iPI oe oP 02e
OS2 - 6'§' os'S = - 8s2'

The displacement boundary-value problem up to O(e2
) has thus been solved.
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A6cTpaKT·-AcI1MnTOTI1'1eCKI1H MeTO,lJ, ,lJ,nll 3a,lJ,a'll1 pacnpOCTpaHeHl1l1 BonHbl B cTeplKHe npl1MCHlICTClI
,lJ,nll Henl1HCHHOrO ynpyroro MaTCpl1ana, Y,lJ,OBneTBoplllllcro Hco-ryKoBoMy KOHCTIUYTI1BHOMY 3aKoHy.
Onl1CbIBaCTclI nOJle nCpCMCIIJ,CHMH pll,lJ,aMM B03MYlllCHl111 B ManOM pa,lJ,Mycc CTCplKHlI. Bblpa)l(CHMC
ncpBoro IIOpll,lJ,Ka COOTBeTcTByc 3nCMCHTapHOH TCOpl1l1, HO nocnC,lJ,YIOllll1C 'InCHbl onpC,lJ,CnlllOT
ropl130HTanbHYIO I1HCpUI1IO, C,lJ,Bl1r 11 3Q>QJCKTbI BblCWI1X nOpll,lJ,KoB. nonY'IaIOTClI pCWeHl1l1 ncpBoro 11
BToporo nopll,ll,KOB ,lJ,ml HeKoTopblX 3Ha'iCHMa l1apaMcTpa. KOTopbla xapaKTcpw3yCT HcnMHcaHocTh
KOHCTlUYTI1BHoro 3aK()Ha.


